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Abstract
We construct infinitely many signed graphs having symmetric spectrum, by us-
ing the NEPS and rooted product of signed graphs. We also present a method for
constructing large cospectral signed graphs. Although the obtained family contains
only a minority of signed graphs, it strengthen the belief that the signed graphs with
symmetric spectrum are deeper than bipartite graphs, i.e the unsigned graphs with
symmetric spectrum.
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1 Introduction
In this paper, we consider only undirected simple graphs (loops and multiple edges are not
allowed). Through out this article let n be the order, and {v1, v2, . . . , vn} be the vertex
set of the graph G. By vi ∼ vj we mean these two vertices are adjacent in the graph,
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otherwise we use vi ≁ vj. By dG(u, v) we denote the distance between the vertices u, v in
the graph G. The notation diam(G) stands for the diameter of a graph G.
A graph G = (V,E) provided with a sign function σ : E −→ {+,−} is called a signed
graph. We denote a signed graph on G with sign function σ, by Σ = (G,σ). The graph
G is called the ground of Σ and the edge set E−Σ = σ
−1(−1) is called the signature of
it. By the edge and vertex set of Σ we mean those of the ground graph that are V,E
respectively. For any edge e of Σ, we call it a positive or negative edge if σ(e) has positive
or negative sign respectively. For Σ = (G,σ), by −Σ we mean the signed graph (G,−σ),
which is called negative of Σ. A signed graph with a bipartite ground will be called a
signed bipartite graph. A signed graph (G,σ), all of whose edges have the same sign + (−)
is simply denoted by G+ (G−). By resigning at a vertex v of Σ we mean negating signs
of all the edges incident with v. Two signed graphs (G,σ) and (G,σ′) are called switching
equivalent if one is obtained from the other by a sequence of resignings. By Σ ∼ Σ′, we
mean that Σ and Σ′ are switching equivalent. For a function f : A→ B, and a subset S of
A, by f |S we mean the restriction of f to S. For a signed graph Σ = (G,σ) and a vertex v
of G, by Σ− v we mean the signed graph with ground G− v where the corresponding sign
function is σ|E(G−v). By a rooted graph we mean a graph in which one specified vertex is
distinguished as the root. A rooted signed graph is a signed graph with a rooted ground.
With AΣ we denote the adjacency matrix of Σ, which is an n × n matrix with the
following entries:
AΣ(i, j) =
{
σ(vivj), vi ∼ vj ;
0, vi ≁ vj .
We denote the characteristic polynomial of Σ, i.e det(λI − AΣ), by χ(Σ) = χ(Σ, λ). The
multiset of eigenvalues of AΣ is called the spectrum of Σ and denoted by Spec(Σ). Since
AΣ is a symmetric matrix, the eigenvalues of AΣ (or Σ) are real. We say that a signed
graph Σ has a symmetric spectrum if for any λ ∈ Spec(Σ), −λ belongs to Spec(Σ) with the
same multiplicity. It is obvious that signed graphs with bipartite ground has a symmetric
spectrum. For more details on the terminologies see [13].
We say that a function ϕ : V (G) → V (H) is an isomorphism between signed graphs
(G,σ) and (H,pi) if the followings hold.
• ϕ is a graph isomorphism between G and H,
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• σ(uv) = pi(ϕ(u)ϕ(v)).
Two signed graphs are called isomorphic, denoted by Σ ≃ Π, if there is an isomorphism
between them. Otherwise we call them non-isomorphic. Σ = (G,σ) and Π = (H,pi) are
said to be switching isomorphic if there exists an isomorphic image of Σ, say Π′, such that
Π′ ∼ Π. Otherwise we call them switching non-isomorphic. By Σ ∼= Π, we mean that Σ is
switching isomorphic to Π.
A signed graph Σ is called sign-symmetric if Σ ∼= −Σ. It is known that sign-symmetric
graphs have symmetric spectrum. The signed graphs with symmetric spectrum have
attracted many attentions because of the folklore result on the ordinary graphs which
states a graph admits a symmetric spectrum if and only if it is bipartite, see for instance
[2] for ordinary, and [10] for signed graphs. For signed graphs it seems a much more richer
family of them may admit symmetric spectrum. The problem of determining the properties
of signed graphs with symmetric spectrum is proposed in [1, 4]. In [4], the authors have
presented the following example (K8, σ) of a non-sign-symmetric signed graph, having
symmetric spectrum (K8 is the complete graph on 8 nods). We refer to the signed graph
of Figure 1 by SK8. Note that in SK8, shown in Figure 1, red edges are negative and blue
edges are positive edges of SK8.
Figure 1: SK8 : A non-sign-symmetric signed graph with symmetric spectrum
In fact signed graphs with symmetric spectrum which are not sign-symmetric is of
main interest, also it is interesting to determine all the signed graphs with symmetric
spectrum.
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2 Preliminaries
We recall two main definitions of signed graph products, namely non-complete extended
p-sum (NEPS) and rooted product of signed graphs.
2.1 NEPS of signed graphs
The non-complete extended p-sum or NEPS of signed graphs is defined in [6]. It is based on
the Cvetkovic´ product for ordinary graphs, see [3]. The following is their definition. This
product is defined in terms of a basis for the product, that is B ⊆ {0, 1}k . Set Σi = (Γi, σi),
for i = 1, . . . , k. First it is defined for one arbitrary vector β = (β1, β2, . . . , βk) ∈ {0, 1}
k .
This product, written NEPS(Σ1, . . . ,Σk;β), is the signed graph (Γ, σ) with vertex set:
VΓ = V1 × V2 × · · · × Vk, and edge set:
EΓ = {(u1, . . . , uk)(v1, . . . , vk) : ui = vi if βi = 0 and uivi ∈ Ei if βi = 1},
and the sign function is as following:
σ((u1, . . . , uk)(v1, . . . , vk)) =
k∏
i=1
σi(uivi)
βi =
∏
i:βi=1
σi(uivi).
In the general definition there is a set B = {β1, ..., βq} ⊆ {0, 1}
k \ {(0, 0, ..., 0)} and it is
defined:
NEPS(Σ1, ...,Σk;B) =
⋃
β∈B
NEPS(Σ1, . . . ,Σk;β),
the underlying graph of which is the Cvetkovic´ product NEPS(Γ1,Γ2, ...,Γk;B) of the
underlying graphs as defined in [3, Section 2.5]. At [6] the authors have also evaluated the
eigenvalues of NEPS(Σ1,Σ2, ...,Σk;B) based on eigenvalues of the factors. Their result
follows.
Theorem 1 [6] The eigenvalues of NEPS(Σ1,Σ2, ...,Σk;B) are
λj1...jk =
∑
β∈B
λ
β1
1j1
. . . λ
βk
kjk
,
for 1 ≤ j1 ≤ n1, . . . , 1 ≤ jk ≤ nk, where ni is the vertex number of Σi and λiji is the jith
eigenvalue of Σi, for i = 1, 2, . . . , k.
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2.2 Rooted product
The notion of rooted product of graphs which is defined by Godsil and Mckay in [7],
plays an essential role for constructing signed graphs with symmetric spectrum. Let H
be a sequence of rooted graphs H1,H2, . . . ,Hn with the corresponding roots r1, r2, . . . , rn,
respectively. Recall V = {v1, v2, . . . , vn}, the vertex set of graph G. The rooted product of
G by H, denoted by G[H], is obtained from G by identifying each vertex vi by the root of
Hi. If all the rooted graphs Hi are isomorphic to a rooted graph H then we simply write
G[H] instead of G[H]. The matrix AλG[H] is defined as follows:
Aλ(G[H]) = (ai,j),
ai,j =
{
χ(Hi, λ), i = j;
−AG(i, j)χ(Hi − ri, λ), otherwise.
The characteristic polynomial of G[H] is given by Godsil and McKay. The following is
their result.
Theorem 2 [7] χ(G[H], λ) = detAλ(G[H]).
The special case where all the rooted graphs Hi are isomorphic, is considered in [12]. We
state their result in the following.
Theorem 3 [12] Let H be a rooted graph with root r, then:
χ(G[H], λ) = χ(H − r, λ)nχ(G,
χ(H,λ)
χ(H − r, λ)
).
2.2.1 Rooted product of signed graphs
We first generalize the notion of rooted product to signed graphs. Let Σ = (G,σ) be a
signed graph on n vertices, and H˜ be a list of n rooted signed graphs say Πi = (Hi, σi),
i = 1, . . . , n. Their corresponding rooted product, that is Σ[H˜], is defined to be the signed
graph obtained by identifying the vertex vi of Σ by the root of Πi, for i = 1, 2, . . . , n. If all
signed graphs of the list H˜ are isomorphic to the signed graph Π, then we simply denote
the rooted product of Σ and H˜ by Σ[Π]. We state the following proposition without proof.
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It is a similar result as Theorem 2 where the graphs are replaced with signed graphs. Note
that it can be verified by a similar method of Godsil-McKay in their proof of Theorem 2,
see [7]. The difference is that we must pay attention to the edge signs. In the following
let Aλ(Σ[H˜]) be the bellow matrix:
Aλ(Σ[H˜]) = (ai,j),
ai,j =
{
χ(Πi, λ), i = j;
−AΣ(i, j)χ(Πi − ri, λ), otherwise.
Proposition 1 χ(Σ[H˜], λ) = detAλ(Σ[H˜]).
3 Main Results
Our main result is consisting of two independent concepts. At first we present methods for
constructing signed graphs with symmetric spectrum. Afterwards we present a method
for constructing switching non-isomorphic cospectral signed graphs. There is an obvious
method of constructing non-sign-symmetric graphs with symmetric spectrum which yields
disconnected signed graphs. The method follows. Let Γ1, Γ2 be two non-isomorphic,
non-bipartite, cospectral graphs, then the signed graph Σ = Γ+1 ∪ Γ
−
2 (disjoint union of
Γ+1 and Γ2
−) has symmetric spectrum but it is not sign-symmetric. We are interested in
connected examples.
3.1 Signed graphs with symmetric spectrum: NEPS
The notion of NEPS of signed graphs can be applied for constructing signed graphs with
symmetric spectrum. In [11], and some of its references an analogous problem for ordinary
graphs is considered. Let Σ˜ := Σ1,Σ2, ...,Σk be a list of signed graphs. We say that Σ˜ is
symmetric if for any i = 1, . . . , k, there is a unique j for which Spec(Σi) = −Spec(Σj), in
which case we write j = i−. For a symmetric list of signed graphs Σ˜, we say that a base
B is compatible with Σ˜ if for each β ∈ B there is a unique β′ ∈ B so that the following
equality holds:
{j : β′j = 1} = {i
− : βi = 1}.
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In the following theorem we present a sufficient condition for NEPS of signed graphs to
admit a symmetric spectrum.
Theorem 4 Let Σ1,Σ2, . . . ,Σk be given signed graphs. For B ⊆ {0, 1}
k , the signed graph
Θ = NEPS(Σ1,Σ2, ...,Σk;B) admits a symmetric spectrum if both of the followings are
satisfied.
• The list Σ1,Σ2, . . . ,Σk is symmetric and the base B is compatible with it.
• The function p defined by p(x1, . . . , xk) =
∑
β∈B x
β1
1 . . . x
βk
k is odd, that is,
p(−x1, . . . ,−xk) = −p(x1, . . . , xk).
Proof. Note that by Theorem 1, any eigenvalue λ of Θ is equal to p(λ1j1 , . . . , λkjk) for
some 1 ≤ j1 ≤ n1, . . . , 1 ≤ jk ≤ nk. The function p is an odd function, so
p(−λ1j1 , . . . ,−λkjk) = −p(λ1j1 , . . . , λkjk) = −λ.
Now we prove that p(−λ1j1 , . . . ,−λkjk) is an eigenvalue of Θ. Note that Spec(Σi) =
−Spec(Σi−), so −λiji = λi−j′
i−
, for some 1 ≤ j′
i−
≤ ni. This implies the following equality:
p(−λ1j1 , . . . ,−λkjk) = p(λ1−j′
1−
, . . . , λk−j′
k−
).
By the definition we have the following:
p(λ1−j′
1−
, . . . , λk−j′
k−
) =
∑
β∈B
λ
β1
1−j′
1−
. . . λ
βk
k−j′
k−
.
Now consider the summand λβ1
1−j′
1−
. . . λ
βk
k−j′
k−
. It is equal to
∏
i:βi=1
λi−j′
i−
. On the
other hand by definition we have {i : β′i = 1} = {i
− : βi = 1}. This yields,∏
i:βi=1
λi−j′
i−
=
∏
i:β′
i
=1
λij′
i
,
which finally turns out that∑
β∈B
λ
β1
1−j′
1−
. . . λ
βk
k−j′
k−
=
∑
β′∈B
λ
β′
1
1j′
1
. . . λ
β′
k
kj′
k
.
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But β’s and β′’s are in a one to one correspondence, thus
∑
β′∈B
λ
β′
1
1j′
1
. . . λ
β′
k
kj′
k
= p(λ1j′
1
, . . . , λkj′
k
),
which is an eigenvalue of Θ by Theorem 1. Therefore −λ is an eigenvalue of Θ, as desired.

We are now ready to introduce some examples of signed graphs with symmetric spectrum
based on NEPS of signed graphs.
Example: Let Γ1,Γ2 be two non-isomorphic cospectral graphs (graphs with the same
adjacency spectrum). Then by the above theorem the graph NEPS(Γ+1 ,Γ
−
2 ; {(0, 1), (1, 0)}),
which is in fact the Cartesian product Γ+1 × Γ
−
2 of the mentioned signed graphs, admits a
symmetric spectrum. We may choose Γ1,Γ2 so that the resulting signed graph becomes
non-sign symmetric. We don’t go through details, but we refer the reader to apply methods
in [8].
3.2 Signed graphs with symmetric spectrum: Rooted product
We have the following result on the rooted product of signed graphs.
Proposition 2 Let Π be a rooted signed graph with root r and Σ be a signed graph. If
all the signed graphs Σ,Π,Π − r, have symmetric spectrum, then the signed graph Σ[Π]
has also symmetric spectrum.
Proof. By Proposition 1, the characteristic polynomial of the signed graph Σ[Π] is equal
to the determinant of the matrix Aλ(Σ[Π]). Note each of the diagonal entries of Aλ(Σ[Π])
is χ(Π, λ). And entries elsewhere are equal to −AΣ(i, j)χ(Π − r, λ), by the definition.
Since Π has symmetric spectrum, one of the following two cases may occur for Π.
• Π has an even number of vertices and χ(Π, λ) =
∑n
2
i=0 a2iλ
2i.
• It has an odd number of vertices and χ(Π, λ) = λ
∑n−1
2
i=0 b2iλ
2i.
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We continue the proof concerning the first case, the second one can be proved with a similar
approach. By the assumption the matrix Aλ(Σ[Π]) is equal to the following matrix.
χ(Π, λ)In − χ(Π− r, λ)AΣ,
where In is the n×n identity matrix. But we supposed that Π has even number of vertices,
so Π− r has an odd number of vertices and we may assume the following equalities.
χ(Π, λ)In − χ(Π− r, λ)AΣ = (
n
2∑
i=0
a2iλ
2i)In − (λ
n−2
2∑
i=0
b2iλ
2i)AΣ
By dividing each of the rows of the above matrix by the polynomial λ
∑n−2
2
i=0 b2iλ
2i,
determinant of the matrix χ(Π, λ)In−χ(Π− r, λ)AΣ will be equal to the following expres-
sion.
P (λ) = (λ
n−2
2∑
i=0
b2iλ
2i)n det(
∑n
2
i=0 a2iλ
2i
λ
∑n−2
2
i=0 b2iλ
2i
In −AΣ)
Now it suffices to prove that for a real number λ0, P (λ0) = 0 if and only if P (−λ0) = 0.
Suppose that P (λ0) = 0 for a real number λ0 then at least one of the followings holds.
λ0
n−2
2∑
i=0
b2iλ0
2i = 0, or (1)
det(
∑n
2
i=0 a2iλ0
2i
λ0
∑n−2
2
i=0 b2iλ0
2i
In −AΣ) = 0 (2)
If (1) holds then the assertion follows easily, so suppose (2) holds. Note that the equality
(2) holds if and only if for some eigenvalue µ0 of AΣ the following equality carries:∑n
2
i=0 a2iλ0
2i
λ0
∑n−2
2
i=0 b2iλ0
2i
= µ0.
Hence we have the following: ∑n
2
i=0 a2i(−λ0)
2i
−λ0
∑n−2
2
i=0 b2i(−λ0)
2i
= −µ0.
On the other hand AΣ has symmetric spectrum. Thus −µ0 is an eigenvalue of AΣ, hence
P (−λ0) = 0. This implies that the signed graph Σ[Π] admits a symmetric spectrum. 
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Lemma 1 Let Π be a signed bipartite graph with root r. The signed graph SK8[Π] is
not sign-symmetric.
Proof. Note that both the signed graphs SK8[Π] and −SK8[Π] have a unique 8-clique
in their grounds, i.e K8. Let ϕ be an isomorphism between SK8[Π] and −SK8[Π], then
the image of SK8 under ϕ must be −SK8. This means that SK8 and −SK8 are isomor-
phic, which is impossible. Hence the two signed graphs SK8[Π] and −SK8[Π] are not
isomorphic. 
Conclusion 1 The signed graph SK8[Π] for a signed bipartite graph Π or even for a
signed graph with symmetric spectrum, provides an infinite list of signed graphs with
symmetric spectrum. Note that the center can be replaced with any non-sign-symmetric
signed graph with symmetric spectrum. Hence the method can be applied to construct
infinitely many examples of signed graphs with the mentioned property.
3.3 Constructing cospectral signed graphs
The notion of rooted product of graphs can be applied to construct cospectral graphs
as well, see [5, 12] for example. We extend the method for signed graphs. Accordingly,
two signed graphs Σ1 and Σ2 are called cospectral if they share the same adjacency spec-
trum. Two rooted graphs G,H are called cospectrally rooted if they are cospectral and the
subgraphs G− u and H − v are also cospectral, where u, v are the corresponding roots.
Proposition 3 Let Σ be an arbitrary signed graph and G,H be two non-isomorphic
cospectrally rooted graphs with roots u, v respecttively. Then the signed graphs Σ[G+]
and Σ[H+] are cospectral.
Proof. The characteristic polynomial of Σ[G+] is equal to determinant of the matrix
Aλ(Σ[G
+]) by Proposition 1. The entries of Aλ(Σ[G
+]) are the followings:
ai,j =
{
χ(G+, λ), i = j;
−AΣ(i, j)χ(G
+ − u, λ), otherwise.
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Note thatG+,H+ are cospectrally rooted therefore the entries of the two matrices Aλ(Σ[G
+])
and Aλ(Σ[H
+]) coincide. Hence they have equal determinants which implies the assertion.

As an example of cospectrally rooted graphs, see the following figure.
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Figure 2: Cospectrally rooted graphs
Ending Remark. In Proposition 3 we considered the root product of Σ by a list
consisting of a unique graph. But this applies in a wider manner. Let H˜1 and H˜2 be
the lists H1
+, . . . ,Hn
+ and H ′1
+
, . . . ,H ′n
+ respectively. Suppose that for any i = 1, . . . , n
the graphs Hi and H
′
i are either cospectrally rooted or isomorphic (we call this the coiso
condition) then the same result as mentioned in Proposition 3 holds true. In fact the
signed graphs Σ[H˜1] and Σ[H˜2] remains cospectral. This follows by a similar approach
which is used in the proof of Proposition 3. The results also remains valid if we replace
the all positive signed graphs with all negative ones, or even with arbitrary signed graphs
providing the coiso condition. Note that for providing non isomorphic signed graphs as
result, not all the graphs in the lists should be isomorphic.
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